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Abstract 
Given integers n, r and 2, we determine all values of k for which every simple r-regular 
graph of order n and with edge-connectivity 2 has a k-factor. Using this result we find for k >~ 2
the k-spectra Spk(n ) = {m: there exists a maximal set of m edge-disjoint k-factors of K~} which 
were introduced by Hoffman et al. (1993). (~ 1998 Elsevier Science B.V. All rights reserved 
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1. Introduction 
The term 9raph is used in this paper to denote a simple graph G with vertex set 
V(G), edge set E(G) and order n = IV(G)I. If multiple edges are allowed, G is called 
multigraph. A factor of G is a spanning subgraph; a k-regular factor is called k-factor. 
Many authors have contributed to the characterization of all triples (r,)~,k) such 
that every r-regular multigraph G with edge-connectivity )~(G)= 2 has a k-factor. The 
earliest results are the well-known theorems of Petersen [11]. Further progress was 
made by Baebler [1] and Gallai [7]. It seems to be widely unknown that already 
Belck [2] solved the major part of the problem; he established a function L(r, k) such 
that every r-regular multigraph G having even order, if k is odd, has a k-factor, 
if 2(G)>L(r,k). Moreover, he gave examples G without k-factor and )~(G)=L(r,k). 
The full characterization has been accomplished by Bollobfis et al. [3]. It is also proved 
in [3] that the characterization is the same if the problem is restricted only to graphs. 
For related information we refer to Volkmann's recent survey article [14]. 
Chartrand et al. [4] proved amongst others that every r-regular, (r-2)-edge-connected 
graph of even order n contains a 1-factor, if n<f ( r )  for a certain function f(r) .  
Wallis [15] determined the smallest connected r-regular graphs without a 1-factor. 
These results can be viewed as special cases of  the following problem: determine 
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all (n,r, 2,k) such that every r-regular graph of order n with edge-connectivity 2 has 
a k-factor. The solution of this problem is the main result of  this paper. 
Theorem 1. Let n, r, k and 2 be integers with n > r > k > 0, r ~> 2 ~> 0 such that nr and 
nk are even, and let )o be even, i f  r is even. Let 2* =2L2/2 j +1 and k=min{k , r -k} .  
An r-regular graph of  order n and edge-connectivity 2 has a k-factor in the 
following eases: 
- -  for  all r and k even; 
- -  for r even and k odd, i f  either 
• 2k>.r or 
• 21c<r and n<dl  + (r + 1)(kdl + 2), where dl = F22/ ( r -  2lc)]; 
- -  for  r and k odd, i f  either 
• 2*k >Tr or 
2*k < r and n < ~ (r + 2) (k + 3) i f  d2 = 1 and 2 even, 
( d2 + (r + 2)(kd2 + 2) otherwise, 
where d2 = [22 ' / ( r  - 2*k)]; 
- -  for r odd and k even, i f  either 
• 2* ( r -  k)~r  or 
(r + 2) ( r -  k + 3) if  d3 = 1 and 2 even, 
• 2* ( r -k )<r  andn< d3+(r+2) ( ( r -k )d3+2)  otherwise, 
where d3 -- [22"/(r  - 2*(r - k))]. 
In all other cases there exists an r-regular graph of  order n and edge-connectivity 2 
without a k-factor. 
To see that this theorem indeed solves the problem, we verify that the hypotheses 
depending on n, r, k and 2 exclude only some trivial cases. Obviously, no r-regular 
graph of order n exists, if n ~< r or if nr is odd. Moreover, if r ~< k or k ~< 0, an r-regular 
graph has a k-factor if and only if r -- k or k = 0. No k-factor can exist, if nk is odd. 
Finally, the edge-connectivity 2(G) of an r-regular graph G satisfies 2(G)~<r, and 2(G) 
is even, if r is even. Hence, we may require that 2 ~< r and that 2 is even, if r is even. 
Clearly, we can derive from Theorem 1 the characterization of all triples (n,r ,k) 
such that every r-regular graph of order n has a k-factor. 
Theorem 2. Let n, r and k be integers with n>r>k>O such that nr and nk are 
even. An r-regular graph of  order n has a k-factor in the following cases: 
- -  r and k are even; 
- -  r is even and k is odd and n<2r  + 2; 
- -  r and k are odd and n< 1 + (r + 2)(k + 2); 
- -  r is odd and k is even and n < l ÷ (r + 2 )(r - k + 2 ). 
In all other cases there exists an r-regular graph o f  order n without a k-factor. 
Theorem 2 immediately ields the following result. 
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Corollary 3. Let G be an r-regular graph of order n with 2r >~ n - 1 and let k be an 
integer with 1 <~ k <~ r and nk even. Then G has a k-factor. 
Note that this corollary can also be derived from several other results in factor 
theory. 
A set ~ of edge-disjoint k-factors of the complete graph Kn is said to be maximal 
if the graph obtained by deleting the edges of ~ from K, contains no k-factor. Rees 
and Wallis [12] determined the spectrum Sp(n)= SPl(n)= {m: there exists a maximal 
set of m edge-disjoint 1-factors of Kn}. Hoffman et al. [9] introduced the k-spectrum 
Spk(n) = {m: there exists a maximal set of m edge-disjoint k-factors of K,} and they 
determined Spz(n). By means of Theorem 2, Corollary 3 and Theorem 5 (see below) 
we are able to present all k-spectra for k ~> 2. 
Theorem 4. Let  n and k be integers with n > k >>. 2. Then it holds 
--f i~r k even: Spk(n)= {L(n-  1)/kJ}, if n is odd, and 
Spk(n)={m: m is an integer with g(n,k)<~m<.(n- 1)/k}, 
if n is even, where g(n,k) = (2n + 2 - k - v/4n - 4 + k2)/(2k), 
- - fo r  k odd: Spk(n)-- {0}, if n is odd, and, if n is even, 
{ n ~k  1}){n- l -k  1 U m:misoddand~-k<.m<. - k " 
As already mentioned above, we use apart from Theorem 2 and Corollary 3 also the 
following result to obtain Theorem 4. 
Theorem 5 (Hilton [8]). Let  G be a mk-regular graph of even order n with k >~2 and 
2mk >~n. Then G is the union of m edge-disjoint k-factors. 
It is unlikely that Spl(n ) can be obtained in the same way, since Theorem 5 can- 
not easily be generalized to the case k = 1. In fact, this problem is known as the 
1-factorization conjecture for which only partial results are known [5,10]. 
2. Preliminary results 
Let G be a graph and let vE V(G). By dG(v) we denote the degree of v in G. 
If  SC V(G), we write dc(S) instead of ~-~xEsdG(x). I f VE V(G) - S, then eG(v,S) 
denotes the number of edges joining v to a vertex in S. If T C_ V(G) -S ,  then we write 
ea(T, S) instead of ~-]~vcr a(v, S). 
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Let now D, S C_ V(G) be disjoint sets. For a positive integer k we call a component C
of G-(D U S) an odd component (of G-(D U S) with respect o (D,S,k)), if k[ V(C) I+ 
eG(C,S) is odd, and by qG(D,S,k) we denote the number of odd components. Let 
OG(D,S,k ) =kJDI - klSI + dc-D(S) -- qa(D,S,k ).
The following theorem is a special case of Tutte's f-factor theorem [13] and it has 
been first proved by Belck [2]. 
Theorem 6. Let G be a graph of order n and let k be a non-negative integer with 
kn even. Then G does not have a k-factor if and only if G has a k-Yutte pair, i.e., 
a pair of disjoint subsets (D,S) of V(G) with 6)a(D,S,k)<,-2. 
Note that, if G is r-regular, then Oa(D, S, k) = k[DI +(r-k)[S[-ea(D, S)-qa(D, S, k). 
Lemma 7. Let G be an r-regular graph and let U c V(G). If C is a component 
of G-  U with IV(C)[ <~r, then ea(U, V(C))>~r. 
Proofl Suppose that C is a component of G-  U with IV(C)J <~r. Since every vertex 
of C is in G joined to at least r - I v(C)l  + 1 vertices that belong to U, we have 
ea(V(C), V(G) - V(C))>~IV(C)[(r -[V(C)I + 1)~>r. [] 
3. Proof of the main theorem 
We prepare the proof of Theorem 1 by a sequence of lemmas. 
Lemma 8. Let r>k>0 with r even and k odd and let k=min{k,r - k}. I f  G is 
an r-regular graph of even order n and edge-connectivity 2 without k-factor, then 
r - 2]c>0 and n>~dl + (r + 1)(Jcdl + 2), where d l= [22/(r - 21c)]. 
Proofl Since G is r-regular and has no k-factor, it has also no ( r -k) - factor .  Moreover, 
since r is even and k is odd, r -  k is odd. Hence, we have that G has no k-factor, 
where Ic is odd. Without loss of generality, we may assume that ]¢ = k. Thus, it holds in 
particular 2k ~< r. Let first 2 = 0. Then r -2k = r > 0 is obvious. Moreover, n >~ 2( r+ 1) = 
d l+ (r + 1)(kdl + 2), since G has at least two components and every component has 
at least r + 1 vertices. Let now 2 > 0. Then 2 ~> 2, since the edge-connectivity of an 
r-regular graph is even, if r is even. By Theorem 6, G has a k-Tutte pair (D,S). 
Let W= V(G)-  (DUS)  and q=qc(D,S,k). Since G is connected and of even order, 
D U S = {0 would imply Oc(D, S, k) = -q(0,  0, k) = 0, contradicting the fact that (D, S) 
is a k-Tutte pair. Hence we have D U S ¢ ~, and therefore, 
ea(DUS, V(C)) ~> 2 (1) 
for every component C of G-  (DUS) .  We call a component C with IV(C)] <~r an 
A-component and denote by a the number of A-components. By Lemma 7 we obtain 
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for every A-component C 
e~(DUS, V(C))>~r. (2) 
From (1) and (2) we get 
ea(DUS, W)>~ra + 2(q-  a )=( r -  2)a + 2q. (3) 
Furthermore, we have 
[W]>~a+(r+ 1) (q -  a). (4) 
Since (D,S) is a k-Tutte pair, -2>~OG(D,S,k)=k[D I + ( r -  k )[S I -ea(D,S) -  q, or 
equivalently, 
2ea(D,S)>~Zk(ID[ - [S]) + 2r[S I - 2q + 4. (5) 
On the other hand, ea(D,S)<<, min{rlS I - ec(S, W), r lDI -  ea(D, W)} implies 
2ec(D,S)<<-r(IDI + ISl) - eG(DUS, W). (6) 
By (5) and (6) we obtain r(IOl + IsI) - eG(D tO S, W) ) 2k(IOl - ISI) + 2rlSI - 2q + 4. 
After rearranging we obtain with (3) 
(r - 2k)( IO ] - ISl)>~(r - 2)a + 4 + (2 - 2)q. (7) 
Since the right-hand side of (7) is positive and 2k<<.r, we find that IDI -ISl>0. 
Moreover, we have 
-2  >~ O(;(D,S,A)=klOl + (r - k)lSI - ea(O,S) - q 
>>. k(lD[ - ]S[) + r[S[ - r lS  [ - q 
and, therefore, 
q>~k([D[ - [SI) + 2. (8) 
Using (7) and (8) we obtain (r-2k)(IOl-[Sq)>>.(r-2)a+4+()~-2)(k(lDI- 151)+2), 
or equivalently, 
(r - ,ZA)(ID I - ISl) ~>(r - 2)a + 22. (9) 
Since ]D] -  ISI >0 and r~>2>~2, we get thereby the first statement of the lemma, that 
is, r - 2k>0,  and also 
F (r - 2) 
ID I  - I s l  + - -  
Thus (8) and (10) yield 
q>~k(a + d~) + 2. 
22 1 
| ~>a +dl. (10) 
(r - )~k)  ! 
(11) 
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Finally, by (10), (4) and (11) it follows: 
n = ]D[ + ISI + IW] ~>([DJ- ]S])+ ]W I 
>>, (a+dl )+a+(r+ 1) (q -  a) 
t> dl +2a+(r+ 1)(kdl +2)+(r+ 1) (k -  1)a 
~> dl +( r+ 1)(kdl +2). 
This completes the proof of the lemma. [] 
Lemma 9. Let n > r > k > 0 with n even and r and k odd. I f  G is an r-regular graph 
of  order n and edge-connectivity 2/>0 without a k-factor, then it hold r -  2*k>0, 
where 2*= 2 [2/2J + I, and 
(r + 2)(k + 3) /fd2 = 1 and 2 even, 
n >/ d2 + (r + 2)(kd2 + 2) otherwise, 
where d 2 = [22"/(r - 2*k)]. 
Proof. Let first 2>/1. Since G has no k-factor, it has a k-Tutte pair (D,S) by 
Theorem 6. As in the proof of Lemma 8 we obtain D U S ¢ (~. Let W = V(G) - (D U S) 
and q=q6(D,S,k) .  Again we call a component C of G-  (DUS) with IV(C)[<~r an 
A-component and denote by a the number of A-components. By Lemma 7 we have 
for every A-component C
eG(DUS, V(C))>~r. 
Moreover, we call an odd component C of G-  (DUS) with IV(C)I>>,r + 1 such 
that ea(D U S, V(C)) is even, a B-component of G and denote by b the number of 
B-components. For every B-component C we have 
ea(D U S, V(C)) ~> 2[2/2]. 
Finally, we have for every odd component C neither being an A-component nor 
a B-component 
e6(DUS, V(C)) ~> 2". 
The last three inequalities yield 
ea(DUS, W)>~ra + 2 [2/2]b + 2*(q - b - a). 
Since (D,S) is a k-Tutte pair of G, we have 
ea(D,S)>>.k(lD[ - ISI) + rlSI - q + 2. 
(12) 
(13) 
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For every odd component C it holds that 
eG(D, V( C) ) = rlC I - e6(S, V( C) ) - 2[E(C)[ 
=-k]C] + eG( S, V ( C ) ) - 2]E(C) ] -  1 (mod2). 
This implies, in particular, that e6(D, V(C))>~ 1, and so we have 
eG( D, S) <~ riD I - eG( D, W) <~ rlDI - q. (14) 
Eqs. (13) and (14) yield ( r -  k) ( ID I -  ISI)~>2 and, hence, 
IDI - ISI >0.  (15) 
Since eG(D, V(C))  ------. 1 (mod 2), we have ea(S, V(C))  = eG(D tO S, V(C))  - ec(D, V(C))  
- 1 (mod2)  for every B-component C, and so 
e6( D, S ) <<. rI S I - e6( S, W ) ~ rlSI - b. (16) 
With (13) and (16) we get rlS ] -b>~k(IDI- ISI)+ r[SI-q + 2, and thus, 
q - b>~k(ID I - IS]) + 2. (17) 
As we have seen above, we have eG(D, V(C)) = 1 (mod 2) and eG(S, V(C))  = 1 (mod 2) 
for every B-component C. Thus, every odd component C with IV(C)[ =r  + 1 is 
a B-component. This fact will be used several times. The first time we use it to get 
[W[~>a + (r + 1)b + (r + 2) (q -  b -  a). (18) 
With (14), (16) and (13) we see 
rlDI + rlS[ - eG(DUS, W) >1 2eG(D,S) 
/> 2k(lDI - IsI) + 2rlSI - 2q + 4, 
and so with (12) 
(r - 2k)(IOl - ISI) >I ea(OUS, W) - 2q + 4 (19) 
>i ra + 2[2/2]b + 2* (q -  b -  a ) -  2q +4 
=(r -2* )a+(2[ )~/2]  -2* )b+(2* -2)q+4.  (20) 
We now distinguish two cases. 
Case 1: 2~>2. If 2~>2, then 2* -2~>0, and so it follows from (20) and (17) 
( r -  2k)( ID ] - [S[) >~ (r - 2*)a + (2[2/27 - 2)b 
+ (2" - 2)(k( lO I - IsI) + 2) + 4 
and, thus, 
(r - 2*k)(lD[ - ISI)~>(r - 2*)a + (2 F2/21 - 2)b + 22* >0. (21) 
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Since ID I -  IS I >0  by (15), we obtain thereby r -  2*k>0,  that is, the first statement 
of  the lemma. Moreover, we have 
[- r - 2" 2 r 2/21- 2*k- 2 b 22* ] [D[ - IS]/> [ ~ a  + + r -2 - *k .  ~>a + d2. (22) 
Let e = [D[ - [S[ - a - d2 and q =q - b - k([D[ - [S[) - 2. With (18) we obtain 
n --IOl + IS[ + IWI >--(IOl- ISI)+ IWI 
>~ (a+a+d2)+a+(r  + 1)b+(r  + 2) (q -b -a )  
-- 8 + 2a + d2 + (r + 1)b + (r + 2)(q + k(IOl - IsI) + 2 - a) 
= 8 +2a +d2 + (r + 1)b + (r +2)0 /+k(e+a +d2) + 2-  a) 
= d2 + (r + 2)(kd2 + 2) + ((r + 2)k + 1)8 
+ (r + 2)~/+ (r + 1 )b + ((r + 2)k - r)a. 
Note that 8.-->0 by (22) and that r/>~0 by (17). Thus, n>~d2 +(r+2) (kd2  +2) .  This 
establishes the second statement of  the lemma unless d2 = 1 and 2 is even. In the 
remaining case we have 
n >1 l+( r+2) (k+2)+( ( r+2)k+ 1)8 
+ (r + 2)~/+ (r + 1 )b + ((r + 2)k - r)a. 
This implies n>~(r + 2)(k + 3) as required, if ~.--> 1 or r/~> 1 or b>~ 1 and also if a>~ 1 
and k > 1. So, we may assume that 8 = q - -b  = 0 and a : 0, if k > l. 
Subcase 1.1: a~>l. As we have seen, we are done, if k> l .  So let now k=l .  
From e = 0 we obtain [DI - ISr = a + 1, and with q = b = 0 it follows q = a + 3. Since 
b = 0, we also know from above that every odd component of G - (D U S) is either 
an A-component or has at least r + 2 vertices. Thus, we have 
n>>-lOl + ISI + IV(C)l +(q -a ) ( r+2)>~lO l  + IS[ + IV(C)[ + 3(r + 2), 
where C is an A-component of G-  (D U S). Since it holds IDt + IS[ + [ V(C)[ = ]D U S tO 
V(C)[ ~>r + 1, we obtain n>~4(r + 2) - 1. Since n is even, we finally get n>~4(r + 2) 
as required in Case 1 with k = 1. 
Subcase 1.2: a=0.  Here e=0 and a=0 imply [D[ -  IS[ = 1, and with q=b=0 
we find that q = k + 2. Moreover, a = 0 and b = 0 imply that every odd component 
of  G-  (DUS)  has at least r + 2 vertices. 
Suppose first that [S[ >~ 1. Since (D,S) is a k-Tutte pair, we have 
-2  >>- kiD[ + (r - k)[S[ - eG(D,S) - q 
= rlSI - ec(D,S) - 2, 
that is, r[S[<~eG(D,S). Therefore, every vertex of  S has all its neighbors in D, 
and hence [Dl>r. So n>~lD[ + ISI + (r + 2)q=2lD [ - 1 + (r + 2)q~>2r - 1 + 
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(r + 2)(k + 2)=(r  + 2)(k + 3) + r - 3. Since r is odd and r>k>0,  we have r>~3 
and, thus, n>~(r + 2)(k + 3), as required. 
Now let ISI = 0, and hence IDI = 1. If there exists a component C of G - D not 
being odd with respect to (D,O,k), then [V(C)I>~r + 1, since a=0.  In this case, 
n ~> IDI + (r + 2)q + [ V(C)[ = I + (r + 2)(k + 2) + [ V(C)[ ~> (r + 2)(k + 3), and we are 
done. So, we may assume that G-D consists of k4,2 odd components. Since the order 
of every odd component C of G-D is necessarily odd and since r is odd, we have that 
ec(D, V(C)) is odd. This implies, in particular, ec(D, V(C))>~2 + 1, since 2 is even. 
Therefore, an edge cut of cardinality ). separates ome vertices belonging to the same 
odd component C* of G-D.  Now let F denote a minimum edge cut of C* and let C~ 
and C~' be the components of C* -F .  Obviously, it holds IF I ~< 2. Since the minimum 
degree of C* is r -  1, it follows from 0<r -  2*k<<.r- ).* =r -  2 -  1 that the edge- 
connectivity of C* is strictly less than its minimum degree. It is easy to see that thereby 
IV(C*)[ ~>r for i=  1,2. Suppose for a moment hat IV(C*)[ =r  for i=  1 or i=2 .  Then 
e6(D, V(C*))>~r - IF[ ~>r - 2. But, if we now consider a further odd component C 
of G-D,  we see that e6(D, V(C))<<.r-ec(D, V(C*))~<2, a contradiction. So we have 
IV(C*)I>~r + 1 for i=  1,2, implying [V(C*)I>~Zr + 3, since ]V(C*)I is odd. Now, 
we get n>~[D 14. IV(C*)[ 4 , ( r4 .2 ) (q -  1)~> 1 4,2r4.3 4, ( r4.Z)(k  4, 1 )=( r4 ,2 ) (k4 .3 ) .  
This completes the discussion of Case 1. 
Case 2: 2 - -1 .  Here we have 2* =1,  and thus, r -  2*k=r -  k>0 is obvious. 
Moreover, we have d2 = I2 / ( r -k) ]  = 1, since r -k  ~>2. To verify the second statement 
of the lemma, we may proceed as in Case 1, if IDI-[S[ ~>a+l. So, let now [DI-[S I ~a. 
The proof is by contradiction. Suppose therefore that n <1+ (r +2) (k  4-2). With (15) 
and (18) we obtain 
1 + (r + 2)(k + 2) > n=lDI + ISl + IWl  >(IDI- Lsl)+ IWl 
14.a4 . ( r  4 .1)b4,( r  + 2) (q -b -a )  
= 14- (q -b ) ( r4 .2 )4 . (b -a ) ( r4 ,1 ) .  
Note that (15) and (17) yield q - b>~k 4, 2. So, we get from the above estimate that 
b - a<0 and 
(r 4. 2)(k 4, 2) > (q - b)(r  4. 2) 4. (b - a ) ( r  4,1) 
> (q - b)(r 4. 2) 4. (b - a)(r 4. 2). 
Dividing by r + 2 and rearranging yields q<--.a4.k 4. 1. Using this estimate in (20) 
we get 
(r -2k ) ( lO[ -  [SI) >1 (r - 1)a + b - q + 4 
~>(r -  1 )a - (a+k+l )+4=(r -2 )a -k+3.  
Since b -  a < 0 implies a >/1, we obtain, if r -  2k > 0, 
r -  2-/~ =a+ r - - -~  ~>a+l .  
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This contradicts ID] - IS I ~<a. But if r - 2k~<0, we obtain with (15) 
0~>(r  - 2k ) ( IO l  - IS I )~>(r  - 2)a - k + 3. 
Hence, a<~(k- 3) / ( r -  2). Thereby a- -0 ,  contradicting b -  a<0.  This completes the 
discussion of Case 2. 
So far, the lemma is proved for 2 i> 1. For 2 = 0, the first statement follows from 
r -  2*k = r -  k>0.  Moreover, 2 = 0 implies that G has at least two components and 
at least one of the components has no k-factor. Let C1 and C2 be two components 
of G, where C1 has no k-factor. Since Cl is connected, we can use the smallest 
lower bound of the previous cases for the order of C1. This is achieved for the case 
2=1 and we obtain [V(C,)[~>l + (r + 2)(k + 2). Thus, n>~[V(C1)] + JV(C2)I>>, 
1 +( r+2) (k+2)+(r+ 1) -- (r + 2)(k + 3), as required. [] 
The last lemma is due to Edmonds [6]. 
Lemma 10. Let dl <,de <~ ...  <~dn be the degrees of a graph of order n. I f  dl i>2, 
then there exists a graph G having the same degrees with 2(G)= dl. 
Proof of Theorem 1. Let n, r, k, lc, 2 and 2* be as in the theorem. We have to 
consider four cases depending on the parity of r and k. One of these cases is simply 
verified and two of the other cases are equivalent. The simple case occurs, if r and k 
are both even. Here we have by Petersen's decompostion theorem that every r-regular 
graph G is the union of r/2 edge-disjoint 2-factors. Hence, the union of k/2 of such 
2-factors forms a k-factor of G. The two cases being equivalent are those with r odd. 
Observe that, if r is odd, the conditions in the case with k even can be obtained by 
replacing k by r -  k in the case with k odd, and vice versa. Moreover, every r-regular 
graph G has a k-factor if and only it has an (r - k)-factor. Hence, we have to consider 
only the cases with k odd. 
Case 1: r is even and k is odd. Let first n, r, k, and 2 be such that either 2k ~> r or 
21c<r and n<dl + (r + 1)(led1 + 2), where d l= I22 / ( r -  2k)]. Then it follows from 
Lemma 8 that every r-regular graph G of order n with 2 (G)= 2 has a k-factor. 
Let now 2k<r  and n>>-dl + (r + 1)(kdl + 2). We shall present an r-regular graph 
G of order n with 2 (G)= ), having no k-factor. G has a set D of dl pairwise non- 
adjacent vertices and G - D consists of kdl + 2 components. The first led1 + 1 of these 
components are isomorphic to Kr+l -M,  where M denotes a matching of size 2/2 (note 
therefore that 2 is even). Obviously, 2(Kr+l -M)>~r-  1 ~>2. The last component is 
called C* and has n* =n - (d l  + (r + 1)(led1 + 1)) vertices, where p vertices have 
degree r -  1 and the remaining vertices have degree r for some even p, 2 ~< p ~<r, 
specified below. Since n* is odd and n* >jr + 1, a graph having these degrees exists. 
Thus, with Lemma 10, we may assume that 2(C*)~>2. The edges joining D and the 
components are as follows. Each of the first kdl + 1 components i joined to D by 
exactly 2 edges, and e6(D, C*)= p, where p = rdl - 2(kdl + 1). Since r and 2 are 
even, p is also even. So, if once 2 ~< p ~<r is known, it is easy to see that the edges 
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between D and the components can be chosen in such a way that G is r-regular and 
)~(G) = 2. Since it holds 
F2 7 
p=rd l -2 (kd l+ l )=d l ( r -k )~) -2= ~ ( r -k , :~) -2~>2 
and 
p = rdl - 2(lcdl + l )=( r -  2k) I 2~1-  2 
~< (2)~ + (r - 2 i ) )  - 2=r  + 2 - ).~: ~< r, 
we may assume that G exists. Finally, we see that every component of  G - D is odd 
with respect o (D, ~, i) .  Therefore, G has no k-factor, since Oc(D, ~, 1¢)= JCdl -(Icdl + 
2) = -2  and G has no k-factor if and only if G has no It-factor. This completes the 
discussion of Case 1. 
Case 2: r and k are odd. Let first n, r, k, and 2 be such that either 2*k~>r or 
2*k<r  and 
n< ~ (r +2) (k+ 3) i fdz= 1 and 2 even, 
L d2 + (r + 2)(kd2 + 2) otherwise, 
where d2 = I2 ,U / ( r -  2*k)~. Then it follows from Lemma 9 that every r-regular graph 
G of order n with 2(G) = 2 has a k-factor. 
For all other situations, we shall now give an r-regular graph G of order n with 
)~(G) = 2 having no k-factor. 
First of all, we let 2 be odd, )~*k <r and n >/d2 +(r+2)(kd2 +2).  Here G is similar 
to the examples given in Case 1. G has a set D of d2 pairwise non-adjacent vertices 
and G - D consists of kd 2 + 2 components. The first kd 2 + 1 of these compOnents have 
r+2 vertices, where 2 vertices are of degree r -  1 and the remaining have degree r. The 
last component, called C*, has n* = n - (d2 + (r + 2) (kd2 + 1 )) ~> r + 2 vertices, where p 
vertices have degree r -  1 and the remaining vertices have degree r. Like above we may 
assume that the edge-connectivity of each component is at least 2. The remaining 
arguments are as in Case 1. It turns out that we have to choose p = rd  2 - ,~(kd 2+ 1). 
Then p is odd, and it holds 2 ~< p ~<r, and hence G exists. Moreover, it follows from 
6)c(D,~,k)=kd2 - (kd2 + 2)=-2  that G has no k-factor. 
We next turn to the more complicated situations. Here we will have again a set D 
of  d2 independent vertices joined to a certain number of  components of  the remaining 
graph. But it is impossible to join the vertices of  D to most of the components by 2 
edges in order to get many odd components with respect to (D,O,k). Thereby more 
care has to be taken to define G such that 2 (G)= )~ holds. 
Let 2 be even, ) .*k<r,  n>~(r + 2)(k + 3) and d2 = 1. G contains a vertex x such 
that G - {x} has k + 2 components. The first k components have r + 2 vertices, where 
2*= 2 + 1 vertices have degree r -  1 and the remaining have degree r. One of the 
two other components has n* = n - ( 1 + (r + 2)k + (2r + 3)) ~> r + 2 vertices, where p 
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vertices have degree r - 1 and the others have degree r. We choose p = r - (k + 1)2'.  
Then p is odd and it holds p<~r. Moreover, we obtain with d2 = 1 that r>~2*(k +2) ,  
and thus p >~ 2*. The last component has 2r ÷3 vertices, where 2* vertices have degree 
r -  1 and the others have degree r. Moreover, the vertices of  degree r -  1 belong to 
a set of r + 2 vertices that is joined by exactly 2 edges to the remaining r + 1 vertices. 
It is easy to see that this is possible. Next, we join x to all vertices of degree r - 1 in 
the components of G - {x}. Then G is an r-regular graph of order n with )~(G)= 2. 
since Oc({x},~,k)=k - (k + 2)= -2 .  
even, 2*k < r, n ~> d2 ÷ (r ÷ 2)(kd2 + 2) and d2 ¢ 1. Since d2 > 0, 
G has no k-factor, 
Finally, let 2 be 
we have d2 >/2. 
Suppose for the moment that r -  2"k~>2. For every odd s, 1 <<,s<~r + 2, let Cs 
denote a graph of the order r + 2 with 2 (Cs)=r -  1, where s vertices have degree 
r -  1 and the other vertices have degree r. These graphs exists by Lemma 10. Since 
2* and r -2*k+ 1 are odd and since 1~<2"~<r+2 and l~<r -2*k+ l~<r+2,  
C~, and Cr_;,k+ 1 exist. We take k - 1 copies of C; ,  and one copy of Cr_;,k+ 1, all 
being vertex-disjoint, and we introduce a new vertex x which is joined by an edge 
to all vertices of degree r - 1 in the copies of  C~, and C~_;,k+ 1. The resulting 
graph is called H. Since r -  2"k~>2, we have 2(H)=2" .  The degree o fx  in H is 
2*(k - 1) + r - 2*k + 1 = r - 2* + 1 = r - 2. Let p = d22/2. Next, we introduce two 
graphs C ~ and C* of the order r + 2 and n - (d2 + (r + 2)(kdz + 1)), respectively, 
both having only vertices of degree r - 1 and r. Moreover, the number of  vertices of  
degree r -  1 in C' and C* is p, if p is odd, or p -  1 and p + 1, respectively, if p 
is even. To see that C ~ and C* exist, we observe that the number of  vertices of odd 
degree is even, and that the number of  vertices of  degree r -  1 is less than or equal 
to the order of  the graphs following from: 
p+l  =d2~+l<~ ( 22" ) r -2*k  
r~,k+l  -----~--- + 1 
1 
= ~(r -2* (k -2 ) )+ l~<r+2 
~< n - (d2 + (r + 2)(kd2 + 1)). 
In addition, we may assume by Lemma 10 that 2(C'), 2 (C* )= r -1  ~> 2*. Now, we take 
C ,  C*, and d2 copies of H, all being vertex-disjoint. The number of vertices of  degree 
r - 1 in C ~ and C* is 2p = d22", and so we can join the vertices of degree r - 2 in 
the copies of H by new edges with the vertices of  degree r - 1 in C ~ and C* such 
that an r-regular graph results. Moreover, it is easy to see that the new edges can be 
introduced in such away that the resulting graph has edge-connecivity 2. I f  we call this 
graph G, we have an r-regular graph of the order n with 2 (G)= 2. Let D denote the 
set of vertices containing all copies of  the vertex x in H. Then C ~, C*, and all copies 
of  C), and Cr_~,k+ 1 are odd components with respect to (D,~,k) and, thus, G has 
no k-factor, since OG(D, ~,k)=kd2 - (kd2 + 2)= - 2. 
Let now r - 2*k < 2. Here we proceed similarly as above. The graph H is formed 
from k copies of C~, and an additional vertex x is joined to all vertices of  degree 
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r -  1 in these copies. We let p=d2( r -2"k ) /2 .  Note that p is an integer, since 
r -  )~*k is even. The graph G we obtain in this way satisfies 2 (G)=r -  2*k. To 
obtain an example having edge-connectivity equal to 2 we describe how to modify G 
such that the edge-connectivity is increased by 2. We choose from every copy of H 
an edge joining the copy of x to another vertex. Let XlVl,XzV2 . . . . .  Xd, Vd: denote these 
edges. Now, remove these edges from G and add the edges X l v2,x2v3 . . . .  xd,-IVd2,Xd2 Vj. 
The resulting graph is again r-regular and its edge-connectivity is equal to 2 (G)+ 2. 
Since r -  2*k and )~ are even, we can repeat his procedure until the edge-connectivity 
is 2. The resulting graph G is r-regular and of order n, and has no k-factor, since 
Oc(D,O,k )=kd2 - (kd2  + 2)=-2 ,  where D is as above. [] 
4. Proof of Theorems 2 and 4 
Proof of Theorem 2. Let n, r and k be integers with n > r > k > 0 such that nr and 
nk are even. 
We distinguish four cases depending on the parity of r and k. 
Case 1: r and k are even. The statement follows as above from Petersen's decom- 
position theorem. 
Case 2: r is even and k is odd. Let G be an r-regular graph of order n<2r  + 2. 
Suppose that G has no k-factor. Let 2=2(G)  and k= min{k , r -  k}. By Theorem 1, 
we obtain that r -2 ]c  >0 and n >~dl +( r+ l)(kdl +2) ,  where d l= [22/(r-2~:)~. Since 
dl ~> 0, we get n ~> 2(r + 1), a contradiction. 
Let now n and r such that n/> 2r + 2. By Theorem 1, there exists an r-regular graph 
G of order n and with 2 (G)= 0 that does not contain a k-factor. 
Case 3: r and k are odd. Let G be an r-regular graph of the order n<l  + 
(r + 2)(k + 2). Suppose that G has no k-factor. Let 2* =2L2/2 j + 1, where 2=2(G) .  
By Theorem 1, we obtain r - 2*k>0 and 
(r + 2)(k + 3) if d2 = 1 and 2 even, 
n >/ d2 + (r + 2)(kd2 + 2) otherwise, 
where d2 = [22" / ( r -  2*k)l.  Note that 2"~> 1 and thus d2 ~> 1. Therefore, we have 
n ~> min{(r + 2)(k + 3), 1 + (r + 2)(k + 2)} = 1 + (r + 2)(k + 2), a contradiction. 
Let now n, r and k such that n>~ 1 + (r + 2)(k + 2). By Theorem 1, there exists 
an r-regular graph G of order n and with 2(G) = 1 (note that d2 = 1, if 2 = 1, since r 
and k are both odd and r>k)  that does not contain a k-factor. 
Case 4: r is odd and k is even. This follows as in the proof of Theorem 1 from the 
previous case, [] 
Proof of Theorem 4. Throughout he proof, n and k denote integers with n > k ~> 2. 
Let W be a set of m edge-disjoint k-factors of Kn. Obviously, we have m <, (n -  1)/k. 
By G( f f )  we denote the graph obtained from Kn by removing all edges that belong 
to a k-factor in ~-. The graph G( f f )  is (n - 1 - mk)-regular. We consider two cases. 
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Case 1: k & even. Let m E Spk(n). Then there exists a maximal set f f  of  m edge- 
disjoint k-factors of  Kn, and so G(~)  has no k-factor. Let first n be odd, and so n -1 -  
mk is even. Then it follows from Petersen's decomposition theorem that k > n -  1 -  ink, 
and, therefore, 
n -1  n -1  
- -  - 1 <m~< - -  
k k 
Hence, Spk(n)C_{L(n-  1)/k]}. Moreover, [ (n -  1)/kJ E Spk(n ) is obvious, and so 
we are done. 
Now let n be even. Then n - 1 - mk is odd. We apply now Theorem 2 to G(~)  
with r =n - 1 - mk. Since G( f f )  has no k-factor, we obtain n~> 1 + (r + 2) ( r  - k + 
2) = 1 + (n - mk + 1)(n - mk - k + 1). With m<~(n - 1)/k we obtain by rearranging 
2n + 2 - k - x/4n - 4 + k 2 n - 1 
~<m~< - -  (23) 
2k k 
Let now m be an integer satisfying (23). We consider the triple (n , r ,k) ,  where r= 
n-  1 -mk.  Note that r # k, since r is odd and k is even. The way we obtained (23) 
shows that, by Theorem 2, there exists an r-regular graph G of  order n that contains no 
k-factor, i f  r >k.  By Corollary 3, we obtain that 2r < n - 1, or equivalently, 2mk >~ n. 
Thus, it follows with Theorem 5, that the complement of G, which is mk-regular, is 
the union of m edge-disjoint k-factors. Hence, m E Spk(n). 
Case 2: k is odd. I f  n is odd, then Kn has no k-factor and thus, Spk(n ) = {0}. 
Let now n be even and let m E Spk(n). Again denote by J~ a maximal set of  rn 
edge-disjoint k-factors of  Kn. Then G( f f )  has no k-factor. Thereby, it follows that 
m # (n - 1 - k) /k,  since otherwise G( f f )  is k-regular. If  m is even, then r = n - 1 -mk 
is odd. By Theorem 2, we obtain n~>l + (r + 2)(k + 2)= 1 + (n - mk + 1)(k + 2), 
and so with m ~< (n -  1 )/k 
n+l  n -1  n -1  
- -  ~ < m ~ < - -  (24)  
k k(k  + 2) k 
I f  m is odd, then r=n - 1 -mk is even. By Theorem 2, we obtain n~>2r + 2= 
2(n -  1 -mk)+ 2, and so again with m<~(n-  1)/k 
n n -1  
2--~ ~< m ~< - -~ (25) 
Finally, if  m is an even integer satisfying (24) or an odd integer satisfying (25) such 
that m # (n -  1 -k ) /k ,  then we proceed as at the end of Case 1 to see that m E Spk(n). 
This completes the proof of the theorem. [] 
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